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\ Abstract. Let G be a simple algebraic group over C. By taking 

■ the quasi-classical limit of the ring of differential operators on the 
\ corresponding quantized algebraic group at roots of 1 we obtain a 

Poisson manifold AG x where AG is the subgroup of G x G 
^ , consisting of the diagonal elements, and if is a certain subgroup 

■ of G X G. We show that this Poisson structure coincides with 
\ the one introduced by Semenov-Tyan-Shansky geometrically in the 

framework of Manin triples. 

h" 

^\ 1. Introduction 

In this paper we will explicitly compute the Poisson bracket of a cer- 
tain Poisson manifold arising from the ring of differential operators on 
a quantized algebraic group at roots of 1. This result will be a foun- 
|> ■ dation in the author's recent works regarding the Beilinson-Bernstein 

■ type localization theorem for representations of quantized enveloping 
algebras at roots of 1 (see [H], [IZ]). 

Let G be a simple algebraic group over C with Lie algebra g. Take 
CS| ■ Borel subgroups and B~ of G such that H = B~^r\B~ is a maximal 

torus of G. Set = [B^, B^]. We define a subgroup K of G x G hy 

K = {{tx,t-^y) \ t e H,x e N+,y e N-} C B+ x B' C G x G. 

Let ( G be a primitive £-th root of 1, where i is an odd posi- 
. tive integer satisfying certain conditions depending on 0, and let [/^ be 

d \ the De Concini-Kac type quantized enveloping algebra of at C. It is 

expected that there exists a certain correspondence between represen- 
tations of and modules over the ring Djs^ of differential operators 
on the quantized flag manifold Since D^^ is closely related to the 
ring Dg(^ of differential operators on the quantized algebraic group G^, 
it is an important step in establishing the expected correspondence to 
investigate the ring Dq^ in detail. Note that Dq^ is nothing but the 
Heisenberg double C[G(] (8>f/( of the Hopf algebras C[G^] and where 
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C[G'^] is the coordinate algebra of G^. We have natural central embed- 
dings C[G] C CfG^], C[K] C U(; of Hopf algebras, and hence G and K 
become Poisson algebraic groups. By De Concini-Procesi [1] and De 
Concini-Lyubashenko [3] these Poisson algebraic group structures of G 
and K turn out to be the ones defined geometrically from the Manin 
triple (G x G, AG, K), where AG is the subgroup of G x G consisting 
of diagonal elements. The aim of the present paper is to give a descrip- 
tion of the Poisson algebra structure of C[G] ® C[K] induced by the 
central embedding 

(1.1) C[G] ® C[K] c C[Gc] ® 

of algebras. 

Let (a, m, I) be a Manin triple over C. Assume that we are given a 
connected algebraic group A with Lie algebra a and connected closed 
subgroups M and L of A with Lie algebras m and [ respectively. Then 
Semenov-Tyan-Shansky [13], [H] showed that A has a natural structure 
of Poisson manifold. Hence by considering the pull-back with respect 
to the local isomorphism M xL ^ A ((m, I) i— )■ ml) the manifold MxL 
also turns out to be a Poisson manifold. 

Theorem 1.1. The Poisson structure of G x K induced from the cen- 
tral embedding (11. ip coincides with the one defined geometrically from 
the Manin triple (G x G,AG,K). 

As explained above, the coincidence of the two Poisson brackets 

C[G X X C[G xK]^ C[G x K] 

is already known for the parts C[G] x C[G] ^ C[G] and C[K] xC[K] ^ 
C[K] by [3]. Hence we will be only concerned with the mixed part 
of the Poisson bracket between C[G] and €[7^]. We point out that a 
closely related result in the case of C = 1 for general Manin triples 
already appeared in [H]. 

In [13] it is noted that the Poisson manifold L associated to a Manin 
triple (a, m, I) can also be recovered as a Hamiltonian reduction with 
respect to the action of M on M x L. In order to pass from Dq^ to Dq^ 
we need to consider Hamiltonian reduction for more general situation. 
As a result we obtain the following. 

Proposition 1.2. The varieties 

Y ={{N-g, ih, k2)) e {N-\G) X K \ ghk^'g^' e HN-}, 
Yt ={{B-g, {ku k2) G (5-\G) X K \ gk^k^'g-' e tN'} {t e H) 

turn out to be Poisson manifolds with respect to the Poisson tensors 
induced from that ofGxK. Moreover, the Poisson tensors ofY and 
Yf are non-degenerate. Hence they are symplectic manifolds. 
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In fact the Poisson manifold arising from the Poisson structure of the 
center of D^^ coincides with Y above (see [IS])- The non- degeneracy 
of the Poisson tensor plays a crucial role in the argument of [16] . 

The contents of this paper is as follows. In Section 2 we recall the 
definition of the Poisson structure due to Semenov-Tyan-Shansky, and 
show that the technique of the Hamiltonian reduction works for certain 
cases. The case of the typical Manin triple (g © g, Ag, t) is discussed 
in detail. In Section 3 we give a summary of some of the known results 
on quantized enveloping algebras at roots of 1 due to Lusztig 0, De 
Concini-Kac [2], De Concini-Lyubashenko [3], De Concini-Procesi 
Gavarini [6]. In Section 4 we show that the Poisson structure arising 
from the algebra of differential operators acting on quantized coordi- 
nate algebra of G at roots of 1 coincides with the one coming from the 
typical Manin triple. 

2. Poisson structures arising from Manin triples 

2.1. Manin triples. We first recall standard facts on Poisson struc- 
tures (see e.g. [S], [1]). A commutative associative algebra 71 over C 
equipped with a bilinear map { , } : 71 x 71 ^ 71 is called a Poisson 
algebra if it satisfies 

(a) {a, a} = {a e7Z), 

(b) {a, {b, c}} + {b, {c, a}} + {c, {a, b}} = (a, 6, c G 7^), 

(c) {a, be} = b{a, c} + {a, b}c (a, b,c e7Z). 

A map F -.71 ^ 7Z' between Poisson algebras 7^, 7Z' is called a homo- 
morphism of Poisson algebras if it is a homomorphism of associative 
algebras and satisfies F({ai,a2}) = {F(ai), F(a2)} for any ai,a2 G TZ. 
The tensor product 7Z ®c 7Z' of two Poisson algebras 7Z, 7Z' over C is 
equipped with a canonical Poisson algebra structure given by 

(ai ® &l)(a-2 ® &2) = 0.10-2 ® 

{fli ®bi,a2® 62} = {oi, 02} ® 6162 + oia2 ® {&i, 62} 

for ai,a2 G 7^, 62,^2 G 7Z' . A commutative Hopf algebra 7Z over a 
field C equipped with a bilinear map {,}:7^x7^— j-T^is called a 
Poisson Hopf algebra if it is a Poisson algebra and the comultiplica- 
tion TZ ^ 7Z ®c 7^ is a homomorphism of Poisson algebras (in this 
case the counit 7?. — )■ C and the antipode 7Z ^ 7Z become automati- 
cally a homomorphism and an anti-homomorphism of Poisson algebras 
respectively). 

For a smooth algebraic variety X over C let Ox (resp. 6x, ^x) 
be the sheaf of regular functions (resp. vector fields, 1-forms). We 
denote the tangent and the cotangent bundles of X by TX and T*X 
respectively. A smooth affine algebraic variety X over C is called a 
Poisson variety if we are given a bilinear map { , } : C[X] x C[X] — ?■ 
C[X] so that C[X] is a Poisson algebra. In this case {f,g}{x) for 
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f,g E C[X] and x E X depends only on dfx,dgx, and hence we have 
5 e r(X, /\^ Qx) (called the Poisson tensor of the Poisson variety X) 
such that 

{f:9}{x) = 5x{dfx,dg^). 
Consequently we also have the notion of Poisson variety which is not 
necessarily affine. 

Let 5* be a linear algebraic group over C with Lie algebra 5. For 
a e s we define vector fields i?a, La £ r(5', ©5) by 

= ^/(exp(-ta)s)|,=o (/ e ^5, « e S), 

(Laims) = |/(sexp(to))|,=o (/ eOs,se S). 

For ^ e 5* we also define 1-forms L*^,R*^ G V{S, Qs) by 

For s G S" we define '■ S ^ S hy (^s{x) = sx. 

A linear algebraic groTip S over C is called a Poisson algebraic group 
if we are given a bilinear map { , } : C[S] x C[S] — )■ C[S] so that 
C[S] is a Poisson Hopf algebra. Let 6 be the Poisson tensor of S as 
a Poisson variety, and define e : 5" — )■ /\^s by {dis){£{s)) = Ss for 
s G S*. Here, we identify the tangent space {TS)i at the identity 
element 1 G S* with s by ^ a (a G 5). By differentiating e at 1 we 
obtain a linear map 5 — )■ It induces an alternating bilinear map 

[ , ] : s* X s* ^ s*. Then this [, ] gives a Lie algebra structure of 5*. 
Moreover, the following bracket product gives a Lie algebra structure 
of 5 ©5*: 

[(a, ip), {b, -0)] = {[a, b] + (pb- ipa, a^-bip+ [ip, -0]). 

Here, s x s* 3 (a, v?) — )■ a^? G s* and s* x s 3 {(p, a) ^ (fa e s are the 
coadjoint actions of s and s* on s* and s respectively. In other words 
(s (Bs*,5,5*) is a Manin triple with respect to the symmetric bilinear 
form p on s © 5* given by p((a, 99), (6, ijj)) = (p{b) + 'ijj{a). We say that 
(a, m, () is a Manin triple with respect to a symmetric bilinear form p 
on a if 

(a) a is a finite-dimensional Lie algebra, 

(b) p is a-invariant and non-degenerate, 

(c) m and [ are subalgebras of a such that a = m © ( as a vector 

space. 

(d) p(m,m)=p([,0 = {O}. 

Conversely, for each Manin triple we can associate a Poisson algebraic 
group by reversing the above process as follows. Let (a, m, [) be a Manin 
triple with respect to a bihnear form p on a and let M be a hnear 
algebraic group with Lie algebra m. Denote by tt^ : a — > m, tti : a — > [ 
the projections with respect to the direct sum decomposition a = m© [. 
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We sometimes identify m* and 1* with I and m respectively via the non- 
degenerate bihnear form p|n,xi : nxx I — )• C. Hence we have also a natural 
identification 

(2.1) a* = (m©0* = "^*©I* = I©n^= ci. 

For m G M we denote by Ad(m) : o — )■ a the adjoint action. Then we 
have the following (see e.g. [5], 

Proposition 2.1. The algebraic group M is endowed with a structure 
of Poisson algebraic group whose Poisson tensor 5^^ is given by 

6^{LIL;) = p(7r,(Ad(m)(0), Ad(m)(r^)) {^,V^^ = m*), 

6^{RIR;) = -p(7r^(Ad(m-i)(0),Ad(m-i)(r^)) {^,^ei = ra*) 

for m G M . 

2.2. Semenov-Tyan-Shansky Poisson structure. Let (a, m, I) be 

a Manin triple over C with respect to a bilinear form p on o. We 
assume that we are given a connected algebraic group A and its closed 
connected subgroups M and L with Lie algebras a, m, I respectively. 
Define an alternating bilinear form w on o by 

uj{a + 6, a' + h') = p{a, b') — p{b, a') (a, a' G m, b, b' E I). 

Denote the adjoint action of A on a by Ad : A GL{a). 

Proposition 2.2 (Semenov-Tyan-Shansky [13j, [Mj). The smooth 
affine variety A is endowed with a structure of Poisson variety whose 
Poisson tensor 6 is given by 

~6,{LIL;) = ^{u;{Ad{gm,Ad{g){v))+uj{^,^)) (e, G a*,ge A). 
Here, we identify a with a* via (12. ip . 

Note that we can rewrite S in terms of p as 

~5,iR:, Rl) =pia, (-TT,, + Ad((7)7ri Ad((7-i))(6)) 
=p{a, (vTi - Ad(^)7r„ Ad(^-^))(6)), 
~5,{LILI) =P(«, (-vTm + Adig-')n,Ad{g)){b)) 

=p{a,{Tti - Ad{g-^)n^Ad{g)){b)) {g G A,a,bea). 
Consider the map 

(2.2) $ : M X L ^ A ((m, /) ^ ml). 

Since $ is a local isomorphism, we obtain a Poisson structure of M x L 
whose Poisson tensor 6 is the pull-back of 6 with respect to Let us 
give a concrete description of 6. By Proposition 12 . 1 1 M is endowed with 
a structure of Poisson algebraic group. By the symmetry of the notion 
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of a Manin triple L is also a Poisson algebraic group whose Poisson 
tensor is given by 

5f (L*,L;) = p(7r((Ad(/)(0), Ad(/)(r/)) {leL,^,r^em = T), 

By a standard computation we have the following. 
Proposition 2.3. The Poisson tensor 6 is given by 

5i^rn,i) : {{T*M)m © (TU),) X ((T*M)„ © {T*L)i) ^ C 
/or (m, I) e M X L with 

(2.3) 5(m,Z)|(T*M)„x(T*M)™ = 

(2.4) 5(„,ol(T*L),x(T*L), = 

(2.5) (L:, i?*) = p(a, (a e [ = m*, e G m = r). 

As noted in |13] the Poisson tensors 5 and 6 are non-degenerate at 
generic points, and hence some open subsets of A and M x L turn out 
to be symplectic manifolds. We give below the condition on the point 
of A and M x L so that the Poisson tensor is non-degenerate. 

Lemma 2.4. (i) Let g E A. Then 6g is non- degenerate if and only 
if 

Ad((?)(l)nm = Ad(^)(m)nl={0}. 
(ii) Let {m,l) & M x L. Then we have 

dim rad = dim([ fl Ad(m/)(m)). 

Especially, is non-degenerate if and only if 

Ad(m-^)(0 nAd(/)(m) = {0}. 

Proof, (i) Set F = -11^ + Ad{g)TTiAd{g'^) : a a for simplicity. By 
definition 6g is non-degenerate if and only if F is an isomorphism. 

Assume that F is an isomorphism. Since F is surjective, we must 
have a = m + Ad{g){V) by the definition of F. By dim a = dim m + dim I 
we have a = m © Ad{g)lV) and m n Ad{g){V) = 0. Then 

KerF = {aea \ nmia) = Ad{g)7Ti Ad{g'^){a) = 0} = tn Ad(^)(m). 

Hence the injectivity of F implies ( fl Ad{g){xn) = {0}. 

Assume Ad(^)(0 n m = Ad(^)(m) n I = {0}. By Ad(^)(0 n m = {0} 
we have a = m © Ad(5f)(l). Then Ker F = I fl Ad(5f)(m) = {0}. Hence 
F is an isomorphism. 

(ii) For g = ml we have 

Ad(^)(Onm = Ad(m)(Ad(/)(l)nAd(m-i)(m)) = Ad(m)([nm) = {0}. 
Hence by the proof of (i) we obtain 

dimrad5(m^fc) = dim Ker (—Tr^^ + Ad(g)niAd(g^^)) 
= dim([n Ad(^)(m)). 
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□ 

Corollary 2.5. (i) The Poisson structure of A induces a sym- 

plectic structure of the open subset 

U = {geA\ Ad{g){l) n m = Ad{g){m) n I = {0}} 
of A 

(ii) The Poisson structure of M x L induces a symplectic structure 
of the open subset 

U := {(m, l)eMxL\ Ad(m-^)(l) n Ad(0(m) = {0}} 
ofM X L. 

2.3. A variant of Hamiltonian reduction. Let X be a Poisson va- 
riety with Poisson tensor S and let 5" be a connected linear algebraic 
group acting on the algebraic variety X (we do not assume that S 
preserves the Poisson structure of X). Assume also that we are given 
an ^'-stable smooth subvariety F of X on which S acts locally freely. 
Denote by s the Lie algebra of S. 
For y the linear map 

SBa^daE {TY)y, {dj){y) = j^f{exp{-ta)y)U=o 

is injective by the assumption. Hence we may regard 5 C {TY)y for 
7/ e y. This gives an embedding 

Y xscTY C {TX\y) 

of vector bundles on Y. Correspondingly, we have 

T*X c{Yx s)^ C {T*X\y) 

where 

(Y X s)^ = {ve {T*X\y) \{v,Y X5) = 0}, 

and TpX denotes the conormal bundle. 

By restricting 5 e r{A'^{TX)) to Y we obtain 5\y G r(A2(TX|y)). 
For y eY restricting the anti-symmetric bilinear form on {T*X)y 

to {{Y X s)-^)y we obtain an anti-symmetric bilinear form Sy on {{Y x 
s)^)y. Then we have 6 G T{A^{{TX\Y)/{Y x s))). Denote the action 
of g E S hj rg : X ^ X. Then for y G F the isomorphism {drg)y : 
{TX)y {TX)gy luduccs 

{drg)y : {TY)y ^ {TY)gy, {df g) y i S 9 O ^ Ad((7)(a) G 5, 

where 5 is identified with subspaces of {TY)y and {TY)gy. In particular, 
S naturally acts on r{A\{TX\Y)/{Y x s))). 

Proposition 2.6. Assume that 6 is S-invariant and {TYX)y c ia.d{5y) 
for any y eY . Then the quotient space S\Y admits a natural structure 
of Poisson variety as follows. Let </?, he functions on S\Y , and let 
(f,ip be the corresponding S -invariant functions on Y. Take extensions 
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(p^ij) of ipjtp to X (not necessarily S -invariant) . Then {(^,-?/'}|y is S- 
invariant and does not depend on the choice o/<^,-?/'. We define {(p,ip} 
to be the function corresponding to {if>,ip}\Y- 

Moreover, if we have {TpX)y — rad(^j^) for any y & Y, then the 
Poisson tensor of S\Y is non- degenerate. Hence S\Y turns out to be 
a symplectic variety. 

Proof. For F e C»x, <9 e Bx, y e F we have {{dF)y,d) = {d{F)){y), 
and hence F\y is S'-invariant (rcsp. F\y is a locally constant function) 
if and only if ciF|y e {Y x s)^ (resp. dF\Y e T*X). 

Take -0 and (p, ip, (p, -0 as above. We first show that {(p, iP}\y does 
not depend on the choice of ■0. For that it is sufficient to show that 
{(^, '^}\y = if V' = 0. By d0\Y G x 5)^, e we have 

by the assumption. 

Let us show that {0,Tip}\Y is -S'-invariant. For g E S,y G Y we have 

{(P, ^}{gy) = 5gy{{d<p)gy, {dip) gy) = dy{d{ip O r g) y , d{^ O r g) y) 

^{iporg,i)org}{y) 

by the 5'-invariance of 5. Since (f, ip are -S'-invariant, we have <^org|y = 
(p and t/j o rg\Y — il^. Hence the independence of {(p,ijj}\Y on the choice 
of ip,ip implies 

{0 org,ipo rg}{y) = {ip, i}}{y) 

for g E S and y eY. 

The remaining assertions are now clear. □ 

Now we apply the above general result to our Poisson varieties MxL 

and A. 

Assume that we are given a connected closed subgroup F of M. Let 
f be the Lie algebra of F and set f-*- = {a e a | p(f, a) — 0}. The action 
F X A 3 {x, g) xg E A of F on A induces an injection 

f3a^Rae{TA)g (geA). 

Define a subbundle {A x f)^ of T*A by 

{{A X f)^), = {K I cenc {T*A)g, 

and set 5 = S\(^Axf)-^x{Axf)^- 

Lemma 2.7. If n I is a Lie subalgebra of \, then 5 is F-invariant. 
Proof. By definition 6g for g^Ais given by 

5g{Rl Rl,) = p(c, (-7r„ + Ad(^)7ri Ad(r'))(c')) (c, c' e f^). 
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On the other hand for x & F, g & A the isomorphism {T*A)g = {T*A)xg 
induced by the action of x is given by 

iT*A), = iT*AU {Rl ^ RUx)it))- 
Hence it is sufficient to show 

p(Ad(x)(c),7rn,Ad(x)(c')) = p(c,7rn,(c')) {x e F, c,c' e f^). 
Since F is connected, this is equivalent to its infinitesimal counterpart 
p([a, c], 7r^(c')) + p(c, TTmiia, c'])) = (a e f , c, c' G f"^). 

Note that f-*- = m © (f-*- fl t). If c G m, then we have [a, c] G m and 
hence p{[a,c],Hm{c')) = p{c, nm{[a, c'])) = 0. If c' G m, then 

p([a, c], 7r^(c')) + p(c, 7r„([a, c'])) = p([a, c], c') + p(c, [a, c']) = 

by the invariance of p. Hence we may assume that c, c' G f fl I. In this 
case we have 

p([a, c],TT^{c)) + p(c, 7rn,([a, c])) = p(c, 7rn,([a, c])) = p(c, [a, c']) 
= - p([c',c], a) Gp(f^n I, f) = 0. 

□ 

By Proposition 12.61 and Lemma 12.71 we have the following. 

Proposition 2.8. Assume that f-^ nl is a Lie subalgebra of I. Let V 
be an F -stable smooth subvariety of A such that the action of F on V 
is locally free. Assume also that for g E V we have 

rad(5,) D iT*A),. 

Then F\V has a structure of Poisson variety whose Poisson bracket is 
defined as follows: Let v?, be functions on F\V , and denote by (p, ip 
the corresponding F-stable functions on V. Take extensions 0,il) of 
ip,ip respectively to A. Then {0,iIj}\v is F-stable and dose not depend 
on the choice of We define {fjip} to be the function on F\V 

corresponding to {0,ip}\v- 
If, moreover, 

rad(5,) = {T*A)g 

holds for any g E V , then the Poisson tensor of F\V is non-degenerate 
{hence F\V turns out to be a symplectic variety). 

2.4. A special case. Let G be a connected simple algebraic group 
over C, and let H be its maximal torus. We take Borel subgroups 
B+, B- of G such that H = B+nB-, and set = [B^, B^]. Denote 
the Lie algebras of G, H, B^, by g, fi, b^, n^. Define subalgebras 
Ag and t of © g by 

Ag = {(a, a) | a G g}, 

1 = {{h + x,-h + y) I he \),x e n'^ ,y e n^}, 
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and denote by AG, K the connected closed subgroups of G x G with Lie 
algebras Ag,^ respectively. In particular, AG = {{g,g) \ g G G}. We 
fix an invariant non-degenerate symmetric bilinear form k : g x g — )■ C, 
and define a bilinear form p : {q® q) x (g © g) — )• C by 

p((a, 6), (a', h')) = ^(a, a ) — b'). 

Then (g © g, Ag, t) is a Manin triple with respect to the bilinear form 
P- 

By Proposition 12.21 (resp. Proposition 12.31) we have a Poisson struc- 
ture of G X G (resp. AG x K) with Poisson tensor 6 (resp. 6). Moreover, 
the Poisson structure of AG x i^T is the pull-back of that of G x G with 
respect to 

<^:AGxK^GxG {{{g, g), {h, h)) ^ {gh, gk^)). 
Lemma 2.9. 

Im$ = {((71, (72) G G X G I g^^g2 G N+HN-}. 
Proof. We have 

{gk{)-\gh) = ki^k2 G N+HN-. 

Assume gi^g2 G N^HN^. Then for {ki,k2) G K with k^^k2 = gi^g2 
we have 

(fi'i,fl'2) = igiki^,g2k2^)iki,k2) G Im<l>. 

□ 

Proposition 2.10. 8(^{g,g),{ki,k2)) non- degenerate if and only if we 
have gkik^'^g-'^ G N+HN~. 

Proof. Note that 

(2.6) dimrad((5((g,g),(fci,fc2))) = dim({ n Ad(5(A;i, 5(A;2)(Ag)) 

by Lemma [2^ In general for ((71,(72) G G x G set d{gi,g2) := dim(t Pi 
Ad(5fi,5f2)(Ag)). For {ki,k2) G K and {g,g) G AG we have 

d{{ki,k2){gug2)ig,g)) = d{gi,g2), 

and hence (i(5'i, (72) is regarded as a function on _ft'\(GxG) /AG. Denote 
by ly = Ng{H)/H the Weyl group of G. A standard fact on simple 
algebraic groups tells us that for any ((71, (72) G G x G there exists some 
w & W and t E H such that K{gi, g2)AG 3 (tw,l), where w is a 
representative of w. By 

d{tw, 1) = dim(t n Ad{tw, l)(Ag)) = dim(Ad((tw, 1)"^)(«) n Ag), 

Ad((tw, = {{w'^h + ~h + y) | /i G (), x G n+, y G n"} 

we see easily that d{tw, 1) = if and only if w = 1. The assertion 
follows from this easily. □ 
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Corollary 2.11. The Poisson structure of AG x K induces a sym- 
plectic structure of the open subset 

U := {{{g,g), {h, h)) E AG x K \ ghk^'g-' G N+HN-}. 

Set 

Y = {{{g,g), ih, h)) eAGxK\ ghk^'g"' eB-}cUcAGxK, 

Y = cGxG. 
Then we have 

(2.7) Y = {{g,,g2) eGxG\ g^g,' e , g^'g, e N+HN-}. 
Moreover, setting 

Z = {{g,b) eGx B- \ g-^b-^g G N+HN^} 

we have 

(2.8) Y^Z {{g,, g^) ^ {g,, g,g^'), {g, b'^g) ^ {g, b)). 

Since N'^HN~ is an open subset of G, Z is open in G x B^ . In 
particular, Z is a smooth variety. Hence Y is also smooth. Define an 
action of on G x G by 

xigu g2) = (xgi, xg2) {x e , {gi, g2) eG xG). 

Then Y is A^~-invariant. Moreover, (12. 8p preserves the action of N~ , 
where the action of N~ on Z is given by 

x{,g, b) = {xg, xbx~'^) (x G A^", (5-, b) e Z). 

For G G G such that G 3 c h-j- N~c G N~\G is an open embedding we 
have 

{{g,b)eZ\geN-G} 
={{yc, yby~^) \y e ,c e G,b e B' , c-^b-^c G N+HN-} 
X {{c,b) EG X B- \ c-^b-^c G N+HN^}, 

and hence the action of on Z is locally free. Hence we have the 
following. 

Lemma 2.12. Y is a smooth variety, and the action of on Y is 
locally free. 

Set An^ = {(a, a) I a G n~}. We have obviously the following. 
Lemma 2.13. We have 

{An-)^ni = {{h,-h + y)\yen-}. 
In particular, (An^)-*- Ht is a Lie subalgebra of t. 
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For ((71,(72) ^ Y we have 

ai,a2) I (^1,02) e 0©g}, 
T*iG X G')(g,,,,) = I (Ml, ^2) G © 0}, 

By (12. 8p we have also 

for {gi,g2) G F. By Lemma [2.121 the natural map — t- {TY)(^g-^^g^) is 
injective and is given by 



32)- 



Hence under the identification n C (TY)(^g-^^g^) C T(G' x G)(^g^^g^) we 
have 

(n")^ ={i?(„„„2) \u1-u2e b-} = {R*u,u+v) \ ueQ,ve b-}, 

HTYh...))^ ={^;Ad(...-)(.).) I y e ^-}- 

Lemma 2.14. For {gi,g2) eY we have 

rad (^5(3i,g2)|(n-)ix(n-)-L) = ((Tr)(3i,g2))"^- 

Proof. For m G 0,t; e b" we have G rad (S(^gi,g2)\{n')^xin-)^^ 

if and only if S{g,^92){Rla,a+b)^ ^l-Uu+v)) = any a G g, 6 G b". Setting 
{-T^ Ag + -^digi, g2)ni Ad{g^\ g:^^)){u,u + v) = {x,y) 

we have 

k9i,g2)iR{a,a+b)^R*u,u+v)) = i^{a, x) - K^a + b, y) = i^{a,x - y) - K{b,y). 

Hence G rad (5^g^,g2)\{n-)^x{n-)^^ if and only if x = ?/ G n". By 

(5(1, 5(2) G $(AG X K) we have g © g = Ag © Ad(5(i, g2){i)- Therefore, 



R*{u,u+v) ^ ^^ad \ S(^g^^g.^)\(n-)^x{n-y 

^^TCAsiu,u + v) = {y,y) {3y G n"), 11^ Ad{g^\ g2^){u,u + v) = 
^^uen', Ad{g^\g:^^){u,u + v) e Ag 
■^^u En', V = Ad{g2gi^)iu) - u. 
It follows that 

rad (5(5i,g2)l(n-)^x(n-)^) = {^;„,Ad(32f;r')H) I ^ e n-} = ((Tr)(^,,3,))^. 

□ 

By Proposition 12.81 and the above argument we obtain the following. 
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Proposition 2.15. We have a natural Poisson structure of N~\Y 
whose Poisson tensor is non-degenerate and defined as follows {hence 
N''\Y turns out to be a symplectic variety): Let (fi,ip be functions on 

N~\Y , and let (f.ip be the corresponding N~ -invariant functions onY. 
Take extensions of (p,ip to G x G. Then {(^, "(/"jly is N~ -invariant 
and does not depend on the choice of (p^ip. We define {(^, "0} to be the 
function on N~\Y corresponding to {(f,ip}\Y- 

By considering the pull-back to Y via $ we also obtain the following. 

Proposition 2.16. Consider the action of N~ on Y given by 

x{{9, g), {ki, k2)) = {{xg, xg), {ki, /cs)) {x e N' , {{g, g), {ki, /ca)) e Y) 

Then we have a natural Poisson structure of N^\Y whose Poisson 
tensor is non- degenerate and defined as follows {hence N~\Y turns out 
to be a symplectic variety) : Let Lp, ip be functions on N^\Y , and let ip, ip 
be the corresponding -invariant functions on Y . Take extensions 
(fi,ip of(f,il) to AG X K. Then {(fi,il)}\Y is N~ -invariant and does not 
depend on the choice of (fjip. We define {(fi,ip} to be the function on 
N'~\Y corresponding to {(fi,ip}\Y- 

Note that 

(2.9) N-\Y ^ {{N-g, {ki, k^)) G {N-\G) x K \ gkik^'g-' e 5"}. 
Fix t e H and set 

Yt = {{{9,9), {ki, k2)) eAGxK\ gk.k^'g-' e tN~} cUcAGxK. 

Then by a similar argument we have the following. 

Proposition 2.17. Consider the action of B~ on Y-t given by 

x{{9, 9), {h, k2)) = {{xg, xg), {ki, /ca)) {x e B' , {{g, g), {ki, /ca)) G Yt). 

Then we have a natural Poisson structure of B^\Yt whose Poisson 
tensor is non- degenerate and defined as follows {hence B~\Yt turns out 
to be a symplectic variety) : Let ip, ip be functions on B^\Yt, and let (p, ip 
be the corresponding B~ -invariant functions on Y^. Take extensions 
(fi,ip of(f,ip to AG X K. Then {'fi,ip}\Yt is B' -invariant and does not 
depend on the choice of (p,%l). We define ■0} be the function on 
B~\Yt corresponding to {(p,%1)}\y^. 

Note that we have 

(2.10) B-\Yt ^ {{B-g, {ki,k2)) G {B-\G) x K \ gkik^'g-' e tiV"}. 
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3. Quantized enveloping algebras 

3.1. Lie algebras. In the rest of this paper we will use the notation of 
Section 12.41 In particular, g is a finite-dimensional simple Lie algebra 
over C, and G is a connected algebraic group with Lie algebra g. We 
further assume that G is simply-connected and the symmetric bilinear 
form 

(3.1) (,):fj*xr^C 

induced by n satisfies (/3,/3)/2 = 1 for short roots (3. We denote by 
A C P)*, Q C [)*, A C f)* and W C the set of roots, the root 

lattice XlaeA weight lattice and the Weyl group respectively. 

By our normalization of (13. ip we have 

(A,Q)CZ, (A,A)c^Z. 

For /3 G A we set 

0/3 = {a; e g I [h,x\ = l3{h)x {h E f))}. 

We choose a system of positive roots A+ C i)* so that = g±/3- 
Let {si}i(zj cW he the corresponding sets of simple roots and 

simple reflections respectively. Set 

agA+ iel 

We denote the longest element of W by wq. For each i G / we take 
ei e Qa,,fi e Q-a,, hi el) such that [e^, fi] = hi and ai{hi) = 2. 
Define subalgebras t^,i~^, t~ of t by 

f = {{h,~h)\hel)}, e+ = {(x,0) |xGn+}, r = {{0,y)\yen-}. 

Then we have ! = © t° © t'. For i e I set 

x^ = (ci, 0) G «+, 1/i = (0, /,) G r , = (/li, -h^) G 

We denote by K^, the connected closed subgroups of K with Lie 
algebras t", respectively. 

3.2. Quantized enveloping algebra of g. For G Z and m G Z^o 

we set 



— G Z[t,ri], [m]J = [m]t[m -l]f- [2]t\l]t G Z[t,t-i], 



- l]t ■ ■ ■ - m + l]t/[m]J G Z[t, t^^] 



The quantized enveloping algebra U = Ug{Q) of g is an associative 
algebra over F = C{q^^^^^'^^) with identity element 1 generated by the 
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elements Kx{X G A), Ei,Fi{i G /) satisfying the following defining 
relations: 

(3.2) i^o = l, KxK^ = Kx+^ (A,/xeA), 

(3.3) KxE.K-^ = (A G A, ^ G /), 

(3.4) KxFiK^' = (A G A, z G /), 

(3.5) EiFj-FjEi^5ij ^'~^:, (hjel), 



(3.6) Yl ""^""^i^.i^f ^ = {i,jel,i^ j), 

n=0 

1—aij 

(3.7) Yl (-1)"f/^-"--'^V,f/'^) = (z, J G /, z ^ j), 



n=0 

p,(l-Oij-n) p p(n) 

± J !■ n - n 

n=0 

where = gK.«i)/2^ iiT- = i^^., = 2{ai, aj)/{ai, ai) for i,j G /, and 

for i G / and n G Z^o- Algebra homomorphisms A : U U ^ U,e : 
U ^ ¥ and an algebra anti-automorphism S : U ^ U are defined by: 

(3.8) A{Kx)=Kx^Kx, 

A{Ei) = E,01 + K,®E^, A{Fi) = Fi®K;^ + l® Fi, 

(3.9) eiKx) = 1, e{E,) = e{F,) = 0, 

(3.10) S{Kx) = S{Ei) = -Kr'E,. 5(F,) = -F^K,, 

and U is endowed with a Hopf algebra structure with the comultipli- 
cation A, the counit e and the antipode 5". 
We define subalgebras C/=°, U=^, U+, U' of U by 



(3.11) 




= {Kx 


1 AgA), 




(3.12) 


U^o 


= {Kx, 


1 A G A, 


^eI), 


(3.13) 




= {Kx, 




I el), 


(3.14) 




= {E: 1 


I el), 




(3.15) 


u- 


= {F.\ 


i G /). 




The following result 


is standard 






Proposition 3.1. 


(i) {Kx 


1 A G A} 25 


an ¥ -basis of C/° 



(ii) The linear maps 

u- ®u+ ® U-, 

induced by the multiplication are all isomorphisms of vector 
spaces. 
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For 7 G Q we set 

= {xeU^\ KxxK^^ = q^^'^^x (A G A)}. 
We have U^^ = {0} unless 7 G Q"*", and 

U^=®Ut,, dimC/±^<oo (7Gg+). 

For i E I we can define an algebra automorphism Tj of f/ by 
T,(ir^) = K,^, (/. G A), 



For w E W we define an algebra automorphism of U hj = 
Ti^ - ■ ■ Ti^ where w = Si^ - ■ ■ Si^ is a reduced expression. The automor- 
phism does not depend on the choice of a reduced expression (see 
Lusztig [lO]). 

We fix a reduced expression 

Wo = Si^ - ■ ■ Si^ 

of Wo, and set 

|3k = s,,■■■s,,^,{a^,) {l^k^N). 

Then we have A+ = | 1 ^ ^ A^}. For 1 ^ A; ^ A^ set 

(3.16) = ■ ■ ■Ti^_j(EiJ, =Ti^-- -Tii^-iiFiJ. 

Then{Ej/---E;^^ |mi,...,m^^O} (resp. {F^'J' ■ ■ ■ F^^' |mi,...,m^^ 
0}) is an F-basis of (resp. t/~), called the PBW-basis (see Lusztig 
[H]). For 1 ^ ^ A^, m ^ we also set 

where g/3 = g(^'/')/2 for /3 G A+. 
There exists a bilinear form 

(3.18) r : [/=° X f/=° ^ F, 
called the Drinfeld paring, which is characterized by 

(3.19) T(x,yiy2) = (r®r)(A(x), 0^/2) {x G f/=°, 2/1,2/2 G f/=°), 

(3.20) r(xiX2,2/) = (r®r)(x2®Xi,A(2/)) (xi, 0:2 G t/=°, y G f/=°), 

(3.21) T{K^,K;) = q-^^^^^ (A,/iGA), 

(3.22) r(ir;„ F,) = r(F,, T^a) = (A G A, ? G /), 

(3.23) r(F,,F,) = 5,,/(gri-g,) (^,J G /). 
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Proposition 3.2 ([7], [5], [II]). We have 
riEZ ■ ■ ■ EJ^K,, f;; ■ ■ ■ F-^K,) 



N 
k=l 



3.3. Quantized coordinate algebra of G. We denote by C the sub- 
space of U* = HomF(f/, F) spanned by the matrix coefficients of finite 
dimensional [/-modules E such that 

E = ^Ex with Ex = {v e E \ K^v = q^^^^^'^v (V/x G A)}. 
AeA 

Then C is endowed with a structure of Hopf algebra via 

{ipi),u) = {ip®i>,d.{u)) {(p^i/j e C, u e U), 

{l,u) = e{u) (ueU), 
{A{ip),u (g) u') = (v?, uu') {if e C, u, u' eU), 

{Siip),u) = {^,Siu)) (ipeC, uEU), 

where ( , ) : C x [/ — )■ F is the canonical paring. C is also endowed 
with a structure of [/-bimodule by 

{uipu",u) = {ip,u"uu) {ip G C,u,u',u" G U). 

The Hopf algebra C is a g-analogue of the coordinate algebra C[G] of 

a (see 0, dg). 

Set 

([/±)* = HomF([/^^,F) C Rom^{U,¥). 

For A G A define an algebra homomorphism xx '■ ^ ^ Xxi^/j.) = 
qi^>tJ')_ Under the identification U~ (g) ® = f/ of vector spaces we 
have 

(3.24) Cc(f/-)*® [QFxa] ®(f/+)*Cf/*. 

\AeA / 

3.4. Ring of differential operators. In general for a Hopf algebra 
H over C we use the following notation for the comultiplication A : 

A(n) = ^M(o) ® {ueH). 

(u) 

We have an F- algebra structure of D = C^wU, called the Heisenberg 
double of C and U (see e.g. [I2])- It is given by 

{if (g) u){(f' u') = ^ ip{u(^o)(f') ® (v?, V?' G C, G f/) 
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In our case the algebra D is an analogue of the ring of differential 
operators on G. We will identify U and C with subalgebras of D by 
the embeddings U 3u^1®uED and C3ip^ip®lED 
respectively. 

3.5. Quantized enveloping algebra of t. The quantized enveloping 
algebra V = Ug{t) of t is an associative algebra over F with identity el- 
ement 1 generated by the elements Zx (A G A), Xj, Fj {i G /) satisfying 
the following defining relations: 

(3.25) Zo = l, ZxZ^ = Zx+f. (A,/iGA), 

(3.26) ZxX.Z^' = g(^'->)X, (A g A, z G /), 

(3.27) ZxYiZ^' = (A g A, z G /), 

(3.28) XiYj-Y,Xi = {i^jel), 

(3.29) Yl i-irxt'''''^^X,xt^ = (^, J G /, z ^ j), 

ra=0 
1—aij 

(3.30) Yl (-i)"r/'-"--"V,F/") = j), 

where 



n=0 



Xt^=xr/[n],j, Yt^ = Yr/[n] 



We define subalgebras 1/°, 1/=°, V^=°, 1/- of V by 



(3.31) 


V° = 




1 AgA), 




(3.32) 


V^^o = 




1 A G A, 


,i G /), 


(3.33) 


= 




1 A G A, 


I el), 


(3.34) 


V+ = 




Mg/), 




(3.35) 


= 


{y^\ 


i G /). 





Similarly to Proposition 13.11 we have the following. 

Proposition 3.3. (i) {Zx | A g A} zs an ¥-hasis ofV°. 
(ii) The linear maps 

V+®V° ^ V=^ ^ 1/° ® v+, V- ^ v=^ ^v^®v- 

induced by the multiplication are all isomorphisms of vector 
spaces. 

Moreover, we have algebra isomorphisms 

. y^O ^ f^^O (y, ^ Zx ^ K.x), 

j^O ^ y^O ^ jj^O ^ ^^^^ Zx ^ Kx). 



MANIN TRIPLES AND QUANTUM GROUPS 19 

We define a bilinear form 
(3.36) a : f/ X 1/ ^ F 

by 

(m± G U^,Uo G U\v± G V^,Vo G 

Tlie following result is a consequence of Gavarini |6l Theorem 6.2]. 

Proposition 3.4. We have 

a{u,vv') = ((T ® a){A{u),v(g) v') [u G U,v,v' G V^). 

3.6. A-forms. We fix a subring A of F containing Cfg^-'^/'^/'^l]. We 
denote by the Lusztig A-form of ?7, i.e., is the A-subalgebra of 
U generated by the elements 

pim)^ G /, m ^ 0, A G A). 

Set 



U 



L,± 



Then U^, U^'^, ^a'~°' ^a'~° endowed with structures of Hopf alge- 
bras over A via the Hopf algebra structure of U, and the multiplication 
of induces isomorphisms 



f/f' ~ uf- ® U, 



ttL>0 
•^A — 

A 



ut 



L,0 



•-^ A (-^ A 



L,0 



u 



jLfl 



L - ^ ttL,0 

'-J A 



of A- modules. Fix a subset Aq of A such that Aq — ?■ A/2(5 is bijective. 



Then f/ 



LA 



Ub , t/f'^ are free A-modules with bases 




I mi, . . . ,mAr ^ 0}, 
A G Ao, nj ^ 



m 



m—l 

n 

s=0 



[m 



> 



0). 



We denote by Va the A-subalgebra of V generated by the elements 



^(m) y(m) 



m 



(z G /, m ^ 0, A G A), 
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where Zi = Zq,. for i G / and 

s=0 



Z^ 
m 



Set 

Then the multiphcation of Va induces isomorphisms 

of A-modules, and we have 
Set 

(3.37) [/a = G f/ I ^KFa) C A}, 

(3.38) ui = u^n f/A, f/^ = f/° n f/A, 

(3.39) uf = u=' n t/A, t/f = f/=° n Ua. 

Then we have 

(3.40) U+ = {xeU+\T{x,Uin^^}, 

(3.41) f/^ = {yGf/- |r(f/^'+,y)GA}, 

(3.42) f/° = 5^AK,, 

AeA 

and the multiphcation of U induces isomorphisms 

f/A~f/+®?7>?7^, 

of A-modules. 
For z G / we set 

(3.43) A, = (g, - gri)E„ 5, = (g, - q7^)F,. 
For 1 ^ A; ^ we also set 

(3.44) Af,^ = {qp^ - q-pl)Ep^, Bp^ = {q^^ - q-pl)Fp^. 
By Proposition 13.21 we have the following. 
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Lemma 3.5. {A^ ■ ■ ■ AJ^ \ m^, . . . .nij, ^ 0} (resp. [Bj^ ■ ■ ■ BJ^' \ 
mi, . . . ,m7v = 0}j zs an A-basis of (resp. U^). In particular, we 
have f/f C U^'"^, and UaCU^. 

It follows that [/a coincides with the A-form of U considered in De 
Concini-Procesi In particular, we have the following. 

Proposition 3.6. (i) Ul, U^, U^, f/|°, f/|°, are A-subalgebras 

(ii) U^, U£ , U£ , Ua are Hopf algebras over A. 
Let L : be the inclusion. We denote by 

(3.45) aA : f/A X Fa ^ A. 

the bilinear form induced hj a : U x V ^ ¥. 
We set 

(3.46) CA = {v^C\{ip,U^)cA}, 

(3.47) Da = Ca ®a Uj, C D. 

Then Ca is a Hopf algebra over A as well as a f/f'-bimodule, and Da 
is an A-subalgebra of -D. It easily follows that 

(3.48) I FxA J n HomA(f/^'°, A) = Axa- 
\AeA / AeA 

Hence by fl3.24p we have 
(3.49) 

Ca= |^(?7^'-)*® (^0^^a) ®(f^A'')*j nCcHomA(f/i',A), 

where (f/l"^)* = RouiAiU^'^ , A) f] (t/^)*. 
3.7. Specialization. For z e set 

A. = {f/g I f,g e C[q^'/^''/%g{z) ^ 0} c F, 
and define an algebra homomorphism 

vr^ : A^ — )■ C 

by 7r,(gi/l^/«l) = z. We set 

= C ®A. Ul, V, = C ®A. ^A., U, = C ®A. Ua^, 
a = C®A. Ca„ D, = C®a. /^a.. 

with respect to vr^. Then U^, Uz, are Hopf algebras over C, and V^, 
Dz are C-algebras. We denote by 

vrf : Ut ^ f/,^ ttJ : I^a. vrf : [/a, ^ f/.. 



vrf : Ca^ -> Cz, 7rf : Da^ Dz 
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the natural homomorphisms. We also define U^'^, U^'^, Uz'~^, Uz'~^, 
V;°, 14-°, 14-°, U^, U^, U}\ Uf similarly. The bilinear form 
: X Va^ — )■ Kz induces a bilinear form 

(3.50) (Jz-Uzy<Vz^ C. 
Set 

Jz = {v&Vz\ az{Uz,v) = {0}}, J° = J, n 

Lemma 3.7. is a two-sided ideal ofVz, and we have Jz = V^V^J^. 
In particular, we have Jz H V-'^ = V^J^, and Jz fl V-'^ = V^J^. 

Proof. By Proposition[331 is a two-sided ideal. Set = Vz/V^^V^^J^ 
Since the multiplication of Vz induces an isomorphism Vz — (g) (g) 
V^, we have 

K ^ {V- ® ® v^)/{v- ® ® Jl) ^ V- ® ® {v!/Jl). 

Let 0"^ : f/^ X V^' — )■ C be the bilinear form induced by a^. Then we 
see easily from the definition of a and Proposition 13.21 that {v G V^' | 
a'^{Uz, v) = {0}} = {0}. Hence J, = V-V+J^. □ 

We define an algebra Vz by Vz = Vz/Jz, and denote by ■ Va^ 
Vz the canonical homomorphism. Let o^z '■ UzXVz ^ Che the bilinear 

form induced by f l3.50p . Denote the images of KO, Vz-, under 

— — — it — ^0 — ^0 
Vz — )■ Vz by V^, V^ , V~ , V~ respectively. Then the multiplication 

of Vz induces isomorphisms 

Vzc^v:^vt®vi, 

vf^vt^vl, Ff :^F:®F°. 

Let A G A. By abuse of notation we also denote by xx '■ U^'^ — )■ C 
the algebra homomorphism induced hj xx '■ U — )■ F. We see easily the 
following 

Lemma 3.8. {xx \ \ E A} is a linearly independent subset of {U^'^)* . 
Lemma 3.9. The bilinear form Wz is perfect in the sense that 

(3.51) ueUz, aziu,Vz) = {0} =^ u = 0, 

(3.52) veVz, aziUz,v) = {0} =^ v = 0. 

Proof. fl3.52p is clear from the definition. We see easily from the 
definition of a and Proposition 13.21 that the proof of fl3.5ip is reduced 
to showing 

ueUl a,{uX) = {0} =^ u = 0. 
This follows from Lemma 13.81 in view of 

AeA 

□ 
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Set 



If = ut^P^ c ut^', If = ut-n c u^^', 
h = u^-u^^il c u^. 

The we have 

(3.53) J° = {ue U^^' I xx{u) = (A G A)}. 

Lemma 3.10. /°, if, if, h are H op f ideals ofU^'^, Uz'-\ f/f"-°, 
respectively. 

Proof. From fl3.53p we see easily that /° is a Hopf ideal of t/f '°. It 
remains to show J^f/f"'^ C f/f''^/°. Using j-^ we see that this is 
equivalent to J^V^ C VfJ^. This follows from Lemma [3?71 □ 



2^2 
it 

' Z ' Z 



We define a Hopf algebra by f/^ = 11^/1^, and denote by vr^ . 
— )■ f/^ the canonical homomorphism. Denote the images of U^''^, 

Uf^ uF-\ Ut^' under by 17^^°, f7^^° re- 

spectively. We also denote by 

,o r-A\ ->0 77=0 77^'=° -<0 77=0 77^'=° 

the algebra isomorphisms induced by and 
By f l3.49p and Lemma 13.81 we have 

(3.55) a C (t/f '-)* ® (0 CXA ) ® (t/f '+)* C (f/,^)*, 

\AeA / 

where (?7f"^)* = C ®a (f^l"^)* C Homc(f/f"^, C). Hence the natural 
paring ( , ) : C2 x f/j" — )■ C descends to 

(,):axf7,^^C, 

by which the canonical map Cz — )■ (f^^)* is injective. Moreover, 
turns out to be a t/^-bimodule. 

3.8. Specialization to 1. For an algebraic groups 5" over C with Lie 
algebra s we will identify the coordinate algebra C[S] of 5* with a 
subspace of the dual space U{s)* of the enveloping algebra U{s) by the 
canonical Hopf paring 

(, ) : C[S] ®f/(s) 

given by 

{y^,u) = (L„((p))(l) (^ G C[S],ue U{5)). 
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Here, f/(s) 3 u y-^ E Endc(C[S']) is the algebra homomorphism 
given by 

{.La{'^)){g) = ^(fig exp{ta))\t=o {a e g,g e S,(p e C[S]). 

We see easily that Ji is generated by the elements nY{Zx) — 1 E Vi 
for A G A. From this we see easily the following. 

Lemma 3.11. (i) We have an isomorphism V\ = U{t) of algebras 
satisfying 



m 



m 



^ it) :=t,{t,-l)---{U-m + l)/m\ 



(ii) We have an isomorphism u\ = U (g) of Hopf algebras satisfying 



m 



^ [^'] := h,{hi - 1) ■ ■ ■ (/li - m + l)/m!. 



m 



In the rest of this paper we will occasionally identify Vi and Ui with 
U{t) and U{g) respectively. 

From the identification Ui = U{q) we have the following. 
Lemma 3.12. The canonical paring 

( , ) : Ci X Ff ^ C 

induces an isomorphism 

(3.56) Ci ^ C[G] ( C UiQ)* ^ (Ff )*) 
of Hopf algebras. 

In |1] De Concini-Procesi proved an isomorphism 

(3.57) Ui = C[K] 

of Poisson Hopf algebras. They established f l3.57p by giving a cor- 
respondence between generators of both sides and proving the com- 
patibility after a lengthy calculation. Later Gavarini [B] gave a more 
natural approach to the isomorphism fl3.57p using the Drinfeld paring. 
Namely we have the following. 

Proposition 3.13 (Gavarini [6]). The bilinear form Wi : f/i x Vi -> C 
induces a Hopf algebra isomorphism 

(3.58) T : f/i ^ C[K] ( C f/(!)* - Vl). 
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The enveloping algebra U{t^) has the direct sum decomposition 
where 

f/(e^)±/3, = {xe U{t^) I [{h, -h),x] = I3{h)x (/i G f))} 

for /9 e Q"*" (note that we have an isomorphism i) 3 h ^ {h, —h) G 
Then we have 

Moreover, we have 

C[ir°] = 0CxACt/(«o)*, 

AeA 

where xx '■ f/(t°) — t- C is the algebra homomorphism given by X\{h, —h) = 
X{h) {h G f)). The isomorphism 

K+ X K- X c:^ K {{g+, g^, go) ^ g+g-go) 

of algebraic varieties induced by the product of the group K gives an 
identification 

(3.59) C[i^+] ® C[K'] ® C[A"°] ~ C[K] 

of vector spaces. On the other hand the multiplication of the algebra 
U{t) induces an identification 

u{i+)®u{r)®u{f) - u{i). 

Then the canonical embedding C[K] C U{i)* is given by 

c[K] ~ c[/^+] ® c[K-] ® c[K^] c u{i+y ® u{ry ® ^7(f )* 
c (f/(!+) ® t/(r) ® f/(«°))* = u{ty. 

For i G / we define G C[is:-] C f/(r)*, 6^ G C[is:+] C t/(l+)* by 

(a„f/(r)_^) = (/^T^a.), (a„i/,) = -l, 

(6„f/(«+)^) = (/3^ai), {h,Xi) = l. 

We identify C[ir±], C[ir°] with subalgebras of C[K] via fl339|) . and 
regard ai,bi,xx (z G /, A G A) as elements of C[iC]. By the above 
argument we see easily the following. 

Lemma 3.14. Under the identification fl3.58p we have 

n^{Ai) ^ ai, < (5,) ^ 6iX-a,, <(^a) ^ Xx (« G /, A G A). 

Let ti : f/i — i- be the homomorphism induced by the inclusion 
L : ?7ai — )■ t/A^. By Lemma we see easily the following. 

Lemma 3.15. For x E Ui we have i.i{x) = e{x)l. 
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From this we obtain the following easily. 

Lemma 3.16. Di is a commutative algebra. In particular, it is identi- 
fied as an algebra with the coordinate algebra C[G] ® 'C[K] of G x K. 

3.9. Specialization to roots of 1. From now on, we fix an integer 
i > 1 satisfying 

(a) i is odd, 

(b) i is prime to 3 if g is of type G2, 

(c) i is prime to \A/Q\, 

and a primitive i-th root C ^ C of 1. Note that tt^ : — i- C sends q to 
(^\^/Q\^ which is also a primitive £-th. root of 1 by our assumption (c). 

Remark 3.17. Denote by f/^^i/|A/Qi] the De Concini-Kac C[q^^/\^/% 
form of U (see P]). Namely ?7^^ii/|A/Q|] is the C[g±i/l^/'3l]_subalgebra 
of U generated by {Kx,Ei,Fi | A G A,? G /}. Then we have [/^ ~ 

C (8)c[g±i/|A/Qi] f/q^ii/|A/Q|] with respect to gVIA/QI ^ ^_ 

We denote by ^ : — )■ Lusztig's Frobenius morphism (see [H]). 
Namely, ^ is an algebra homomorphism given by 



e(vrr(^A)) 




{I /n) 

(£|n) 
(£ /n) 



(3.60) 
(3.61) 

(3.62) 
(3.63) 

It is a Hopf algebra homomorphism. Moreover, for any /3 G we 
have 



(£|m) 
(£ /m) 



(AG A). 



(3.64) e(vrr(<0) 

(3.65) e(vrr(Fj"))) 

Lemma 3.18. I^e have ^{I^) C /i 

Proof. It is sufficic 
Z>g, and u ^ Aq set 



vrr(i^r) 


{i\n) 





{i J(n) 




{i\n) 





{i /n) 



Proof. It is sufficient to show ^(/°) c /°. For z eC^ 



m 



[mijiei e 



mi 



G ^7. 



L,0 
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Any element u of is uniquely written as a finite sum 
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Then we have m G if and only if 



'(A,«r)" 










9i 



(VA G A). 



gl/|A/Q|=2 



Hence it is sufficient to show that 



(3.66) 

implies 

(3.67) 



E 



E 



'(A,«r)" 





















(VA G A) 



5i/|A/Q|=^ 



(V/i G A). 



□ 



Indeed 03.671) follows by setting A = £/i in (13.661) . 

We denote by 

(3.68) ^ : 17^ ^ (= UiQ)) 

the Hopf algebra homomorphism induced by ^. By Lusztig [9] we have 
the following. 

Proposition 3.19. There exists a unique linear map 

(3.69) *e : Ci (= C[G]) Q 
satisfying 

(3.70) (*e(v'),^) = (¥',e(^^)) (V' G Ci, G U^^). 

It is an injective Hopf algebra homomorphism whose image is contained 
in the center of Cc_. 

Lemma 3.20. There exists an algebra homomorphism 

(3.71) r]:V(^^Vi 
such that 



v{v) = (jP)-^(e(jf (tO)) 



>0/ 



(veV 



Proof. It is sufficient to show that the linear map rj : ^ Vi defined 

by 

— ^0 

for w_ G , v^Q G V^^ is an algebra homomorphism. This follows 
easily from [V^^ , V^-] = 0. □ 
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By Gavarini [6^ Theorem 7.9] we have the following. 
Proposition 3.21. There exists a unique linear map 

(3.72) 'r]:Ui-^ 
satisfying 

(3.73) a^{'r,{u),v)=ai{u,r^{v)) {ueUi.veV^). 

It is an injective Hopf algebra homomorphism whose image is contained 
in the center ofU(^. Moreover, for any P G A"*" we have 

H^nA,)) = vrJ^(Aj), *r/(vrf (5,)) = n^{B',). 

Let t( : f/^ — i- be the homomorphisms induced by 6 : f/^ -> U^. 
We see easily the following. 

Lemma 3.22. (i) For x e U( we have ^{l({x)) = e{x)l. 
(ii) For y G Ui we have Lc_{^rj{y)) = e{y)l. 

Proposition 3.23. The image of the linear map 

*e ® *r/ : Di{= Ci ® Ui) D^{= ® f/c) 

is contained in the center of D(^. In particular, *^ ® ^rj is an algebra 
homomorphism. 

Proof. Let G Ci and x G f/^. For -u G we have 

{x) (x) 

and hence x^C,{^p) = ^^{ip)x in D(^. It follows that ^^{^p) is contained in 
the center for any ^9 G Ci. 

Let y E Ui. For ip E we have 

Cviy))^ = J2M'v{ym))-^yviy{i)) = I]^(i/{o))^*^?(2/(i)) = HHv))^ 

(y) (y) 
and hence *ri{y) is contained in the center for any y E Ui. □ 

4. POISSON STRUCTURE ARISING FROM QUANTIZED ENVELOPING 

ALGEBRAS 

The following result is well-known (see ||4j). 

Proposition 4.1. LetM be a commutative algebra overC. We assume 
that we are given h eM such that M/KE = C. 
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Let TZ be a (not necessarily commutative) M-algebra such that h : 
71 ^ TZ is injective. Then the center Z{TZ/hlZ) oflZ/hTZ is endowed 
with a structure of Poisson algebra by 

{hiM = (^hh^bh^ (6^,6, e TZMM e z{n/hn)). 

Assume moreover that TZ is a Hopf algebra and that there exists a 
Hopf subalgebra H ofTZ/KIZ such that H C Z{TZ/K1Z) and {H,H} C 
H. Then H is naturally a Poisson Hopf algebra. 

We will apply this fact to the situation B = A^, h = i{q^ — q~^), and 
TZ = Ca^, Ua^,Da^. Note that we have AJi{q^ - q-^)A^ = C by 

Kervr^ = A^(gi/l^/QI - C) = A^£(g^ - q-^). 

The cases TZ = Ca^ , Ua^- is already known. Namely, we have the fol- 
lowing. 

Theorem 4.2 ([3]). The Hopf subalgebra Im*^ of Z{C(^) is closed un- 
der the Poisson bracket given in Proposition \4.1\ Moreover, the iso- 
morphism Im*^ = C[G] is that of Poisson Hopf algebras, where the 
Poisson Hopf algebra structure o/CfG] is the one for C[AG] = <C[G] 
attached to the Manin triple (g © g, Ag, t). 

Theorem 4.3 0). The Hopf subalgebra Im^r] of Z{Uq) is closed 
under the Poisson bracket given in Proposition \4.1\ Moreover, the iso- 
morphism Im*?7 = C[K] is that of Poisson Hopf algebras, where the 
Poisson Hopf algebra structure o/C[-ft"] is the one attached to the Manin 
triple (fl ©0,t, Ag). 

In the rest of this paper we will deal with the case where TZ = D^^- 
The following is the main result of this paper. 

Theorem 4.4. The subalgebra Im(*^(8)*?7) of Z{D(^) is closed under the 
Poisson bracket given in Proposition \4-l\ Moreover, under the identi- 
fication 

Im(*e © = C[G] © C[K] = C[AG] © C[K] 

this Poisson algebra structure coincides with the one attached to the 
Manin triple (g © g, Ag, t) as in Proposition \2.3[ 

Set 

^ = Ker(eo7ff )cf/^^, 

I={xeUA,\ {x, Va^) C i{q' - g-^Ac). 

Lemma 4.5. Let h e Im(*^) and ip E lm(^r]). Take p E C[G] and 
$ E Ua^ such that h = and ip = vr^($) respectively. Assume 

$©l-^$(i)©i($(0)) G i{q^-q'^)'^'^r^Xr+I®J C Ua^^U^^ 

(*) r 



30 TOSHIYUKI TANISAKI 

with \E'j, G UA^,Xr G U^^. Then we have 

{h, ^} = Y1 *^((^ ° ^r)iXr) ■ P) ® n^i^r) 
r 

with respect to the Poisson structure of Z{D(^) given in Proposition \4.1 



Proof. Take H e Ca^ such that h = rr^{H). For u G U^^,v G Va^ we 
see easily that 



V (*) 

Write 

$ ® 1 - ^ $(1) ® i($(o)) = ^(g' - q-') J2'^r<^Xr + J2-s® Ys, 

($) r s 

where S<j G X, G JT". Then we have 

r 

By h = we have 

'h,wf iu)wf (X^)) = (p, (eovff )(«)(eo7ff 
'(eoTff )(X,) -p, (^oTff )(n)) = (*^((^o7ff )(X,) ■p),vff H 
Similarly, we have 

(h,nf iu)wf {¥,)) = (p- (^ovff )(«),(eovff )(n)) = 0. 
Now the assertion is clear. □ 



Now let us show Theorem 14.41 By Theorem 14 . 2 1 and Theorem l4.3l it is 
sufficient to show that for h G Im(*^),(y9 G Im(*?7) our Poisson bracket 
{h, (p} defined above coincides with the one coming from the Manin 
triple. In order to avoid confusion we denote by { , }' the Poisson 
bracket of C[G] (S) C[K] coming from the Manin triple. We need to 
show 

(4.1) {h,if} = {h,^y (V/iGlm(*0) 
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for any ip G Imi^rf). If (14.1 p holds for ip G Im(*r7), we have 



(4.2) {/,y,} = {/,^}' (V/Glm(*^®*r^)) 

by 

{hi), if] = {h, ifjip + h{ip, if} = {h, ifYip + h{ip, ifiY = {h^, y?}' 

for h G lm{^ C,) , 'ip G Im(*r7). Hence for each G Im(*?7) (14.11) is equiva- 
lent to (14. 2p . Then it follows from the definition of the Poisson algebra 
that (14. ip for {p = ipi,{p = imply those for (p = ipi(p2, ^ = {^Pi, ^P2}- 
Therefore it is sufficient to show (14. ID in the cases where (p belongs 
to a generator system of the Poisson algebra lm{^ri). By [4j the Pois- 
son algebra C[K] is generated by the elements of the form xx,ai,bi 
for A G A,^ G /. Under the isomorphism C[K] = Im(*?7) of Poisson 
algebras we have 

Xa m n^{K,,) (A G A), 

Hence we have only to show (14. ip in the cases 

^ = TT^iKe,), ip = TT^iiq. - qi'YElK7% ^ = vrj^((g, - qr^yp,^) 
for A G A, i G /. 

For bases {Xr} and {Yj.} of g and t respectively such that p((Xr, Xr), Ys 
Srs we have 

{h^ifY = J^LxMRvM {h G C[G],^ G C[K]). 

r 

From this we can easily deduce 

(4.3) {h.XxY = -\LHAh)Xx (AG A), 

(4.4) {Kad-o..Y = -^-^^L^Ah)X-a. {^ G /), 

(4.5) {h,bd-a.Y = -^^^^LfXh)X-a. (^ G /), 



where i^A e f) is given by ti{Hx, H) = \{H) {H el)). 
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Let us show gl]) for = Tc^dqi - qi'^fF^). For $ 
we have 



r=0 



(r) 



9» I^-^ ^ 



i^r ® ^r' + 2: ® jr. 



Hence the assertion follows from 



(oij, at) 



gl/|A/Q|=^ 



which is easily checked. The verification of fl4.ip for = vr^((q'j — q~^YEfK~^) 
is similar and omitted. 

Let us finally show f l4.1l) for ip = nV^Kix)- We need to show 



for peC[G]. Take H e Ca^ such that nf{H) = For z G and 

z/ G A we set 

(C,)^ = G a I M ■ = Xuiu)ip {u G f/i"°)}. 
Then we have 



*e(C[G],) C (Cc),. = vrf ((Ca,)^.) (z/ G A) 



and hence we may assume p G CfG]!, and H G (Ca^)^;/. For $ = K^x 
we have 



$ ® 1 - J] $(1) ® 6(<l>(o) ) = i^l ® 1 - i^^l ® = -Ki ® (.(ir^) - 1). 
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Hence for u G U^^,v G Va^ we have 



= - n^i{Kex,v) {H,u{i{K,y) - 1)) /i{q' - q-')) 
-- - 7r^{{Kex,v) MKn) - 1) ■ H,u) /i{q' - q-')) 

=-^(^,-rM)(*e(p),vfrH 



The proof of Theorem 14.41 is complete. 
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